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Abstract: We investigate a Gepner-like superstring model described by a combination 
of multiple minimal models and an A/" = 2 Liouville theory. This model is thought to be 
equivalent to the superstring theory on a singular noncompact Calabi-Yau manifold. We 
construct the modular invariant partition function of this model, and confirm the validity 
of an appropriate GSO projection. We also calculate the elliptic genus and Witten index 
of the model. We find that the elliptic genus is factorised into a rather trivial factor and a 
non-trivial one, and the non-trivial one has the information on the positively curved base 
manifold of the cone. 



1 Introduction 



The correspondence between a string theory on a Kahler manifold and an A/" = 2 Landau- 
Ginzburg theory is interesting and is very largely investigated [|l], |, ^. But, the 
most results are limited to the cases of compact Calabi-Yau manifolds. Recently, it is 
conjectured that in the case of a noncompact Calabi-Yau manifold, the associated CFT 
consists of an A/" = 2 Liouville theory and a Landau- Ginzburg theory ||^. They claimed 
that when the Calabi-Yau n-fold X is written as a hypersurface F{zi, . . . ,Zn-\-i) = in 
ij~<n+i ^ quasi-homogeneous polynomial F, then the string theory on X is equivalent to 
the CFT on 

R^xS^ X LG{W = F). 

Here M.^ is a real line parametrized by with linear dilaton background and LG{W = F) 
is the IR theory of the Landau- Ginzburg model with the superpotential F. In this case, 
the background charge Q of is determined by a condition of the total central charge. 
From the condition that Q is a non-zero real number, we find that the base manifold 
X/C^ should be curved positively. 

The boson with linear dilaton background is strongly coupled in the region (p —oo, 
so we should introduce the Liouville potential or consider an SL{2)/U{1) Kazama-Suzuki 
model to avoid the strong coupling singularity @, 0, H. But we do not care about this 
point in this paper. 

In [^, ^, ^ H, they also claim that the string theory on this singular noncompact 
Calabi-Yau manifold X is holographic dual to the "little string theory" . 

In the case of a compact Calabi-Yau manifold, the string theory is "solved" in the 
description of Gepner model in a special point of the moduh space. We want to describe 
also the string theory on the noncompact Calabi-Yau manifold X by the Gepner-like 
solvable model. If we can do it successfully, it will be possible to analyze more deeply a 
noncompact Calabi-Yau manifold and the little string theory. 

In they treat the string theories with ADE simple singularities. They construct 



the modular invariant partition functions, and show the consistency of these string theo- 
ries. 

In this paper, we consider more general cases, in which the Landau-Ginzburg part is 
described by a direct product of a number of minimal models. A typical example of ours 
is the Calabi-Yau n-fold X described in the form 

+z^' + --- + z^;t" = 0, in C"+\ 

We construct the modular invariant partition functions and show the string theory actually 
exists consistently in these cases. We also calculate the elliptic genus, and find that it is 
factorised into two parts — a rather trivial one and a rather non-trivial one. We analyze 
the non-trivial one in detail, and find that it has the information on the cohomology of 
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the positively curved base manifold X/C^ except the elements generated by cup products 
of a Kahler form. 

The organization of this paper is as follows. In the next section, we explain the 
setup and review the correspondence between a noncompact Calabi-Yau manifold and 
an J\f = 2 Liouville theory x Landau- Ginzburg theory. In section ^, we construct the 
modular invariant partition function. In section H, we calculate the elliptic genus and 
compare it with the geometric property of the associated Calabi-Yau manifold X. In 
the last section, we summarize the results and discuss the problems and prospects. In 
Appendix A. we collect some useful equations of theta functions and characters that we 
use in this paper. 

2 The string theory on a noncompact singular Calabi- 
Yau manifold 

We consider the string compactification to a noncompact, singular Calabi-Yau n-fold X. 
The total target space is expressed by a direct product of a (i dimensional flat spacetime 
and the manifold X 

R'^-^''^ X X. (2.1) 

Here, n is related to d by the constraint on the total dimension 2n + d = 10. 

For simplicity, we concentrate the case that the noncompact singular Calabi-Yau man- 
ifold X is realized as the hypersurface in C""*"^ determined by the algebraic equation with 
a quasi homogeneous polynomial F 

F{zi, Zn+l) = 0. 

By the term "quasi-homogeneous" , we mean that the polynomial F satisfies 

FiX'-^z,, . . . , X'-+'Zn+i) = XF{z,, . . . , z„+i), (2.2) 

for some exponents {rj} and for an arbitrary A G C^. 

This manifold X is singular at {zi, . . . , -z^+i) = (0, . . . , 0). If we consider the manifold 
(X-(0, . . . , 0))/C^, where the action of is {zi, . . . , 2„+i) (A'^^^i, . . . , A^"+i2„+i) with 
the exponents {r^} of (|2.2| ), then we get a compact manifold. We denote this compact 
manifold simply as X/C^ and call it "the base manifold of X". 

It is conjectured in p that the string theory on the space ( |2.1D is equivalent to the 
theory including fiat spacetime M'^^^'^, a line with the linear dilation background M^, S^, 
and the Landau- Ginzburg theory with a superpotential W = F; 

M'^-i'^ X R,^ X X LG{W = F). 
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The part (M^ x S^) has a world sheet M = 2 superconformal symmetry. Let be 
the parameter of R^ , Y be the parameter of S^, and be the fermionic part of 

(M^ X S*^). The M = 2 superconformal currents are written in terms of the above fields 

J = ^+^- - QtdY. (2.3) 

The associated central charge of this algebra is c(= c/3) = 1 + Q^. 

In this paper, we consider the case in which the Landau-Ginzburg theory with super- 
potential W = F can be described by a direct product of A/" = 2 minimal models. Let 
Mg,n be the minimal model corresponding to simply laced Lie algebra G = A, D, E with 
dual Coxeter number N. We consider the theory in the following; 



X M,^ X 5*^ X Mgi,7Vi X ■ ■ ■ X MGj,,Nn 



where R is the number of the minimal models. The cases with R = 1 are treated in 
and i? = in |Tl], g 

A typical example is the case that all Gj are A type. In this example, the quasi- 
homogeneous polynomial is written as 

The background charge of M<^ is determined by the criticality condition. To cancel the 
conformal anomaly, the total central charge is to be 0. The central charge of the ghost 
sector is —15, so the total central charge of the matter sector is to be 15. The central 
charge of the fiat spacetime is 3/2 for each pair of a boson and a fermion, and that of 
the X S*^ is 3 + 3Q^ as mentioned above, and that of a minimal model Mg^n is ^^^7^- 
Therefore, the criticality condition leads to the equation 



j=l 

From this criticality condition, we obtain the value of as 



^9 d ^{N^-2) , , 



'J 

12 



By the condition Q > for a real number Q, the right-hand side should be positive; 

4 \^^^ L>o, 2.5 

2 ^ ^ ' 

j 

It is equivalent to a condition that the singularity is in finite distance in the moduli space 
of deformation of singular Calabi-Yau manifold X 0. In view of the base manifold 
X/C^, the finite distance condition is equivalent to that X/C^ is positively curved. 
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3 Modular invariant partition function 



Now, let us construct the modular invariant partition function. We take the light-cone 
gauge, then the associated CFT to consider is 

The toroidal partition function can be separated into 2 parts: the one Zgso concerning 
to the GSO projection and the other Zq not concerning to it. We construct the total 
partition function Z as 



^ = / '^Zq{t,t)Zgso{t,t) 



where r = ri + 2x2 is the moduli parameter of the torus, and d?T/T2 is the modular 
invariant measure. 

First, we study the rather easy part Zq, then we investigate the rather complicated 
part Zgso- 

3.1 GSO independent part of the partition function 

In this subsection, we discuss the Zq : the GSO independent part. It is completely the 



same as that in 10 



The Zq includes the contribution from the flat spacetime bosonic coordinates X^, (/ = 
2, . . . , (i — 1) and the linear dilation 0. 

The partition function of each fiat spacetime boson is represented by the Dedekind 
eta function rjij) as 



T2|r/(r) 



The partition function of (f) is defined as Zi = Trg^"^'^^/^^g'^o~'^-^/^^, (g = exp(27rzr), cl ■ 
1 + 3Q^) in the canonical formalism. Here the trace is taken over delta function normal- 
izable primary fields 

iO 

exp(ip0), p = — ^ +i, ieR, (3.1) 

and their excitations by oscillators. Then we obtain Z^ as 

1 



n„=i(i-?")p 
1 



dpexp 



4vrr2 ( + -pQ ^ 



where the region of the integral of p is as ( |3.1| ). As a result, the partition function of (f) 
is the same as that of an ordinary boson. So we obtain Zq as the partition function of 



r2\vir) 
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effectively {d — 1) free bosons; 



1 



) 



d-l 



Zo 



The primary fields of ( |3.1| ) correspond to "Principal continuous series" in terms of the 



representation of SL{2). To include the other sectors is an interesting problem and is 
postponed future work. 

3.2 GSO dependent part of the partition function : d = 2,6 cases 

Now, let us proceed to the GSO dependent part Zgso- In this subsection, we treat d = 2,6 
cases. 

This part includes [d — 2) fiat spacetime fermions ip^ , {I = 2, . . . ,d — 1) , two free 
fermions ip'^, associated to x S^, minimal models Mq^^Ni^ ■ ■ ■ , Mgr,Nr , and an 
boson Y. We combine the d free fermions ip^ , {I = 2, . . . , d — 1) , ip'f' and and construct 
the affine Lie algebra SO{d)^. The Verma module of SO{d)^ is characterized by an integer 
So = 0,1,2,3 , which labels the representations of SO{d), that is scalar, spinor, vector, 
and cospinor, respectively. 

Let us turn to Verma modules of A/" = 2 minimal models. The Verma module of an 
Af = 2 minimal model is specified with three indices {i, m, s) , which satisfy the following 
conditions 



We denote Xmi.'^i^) as the character of the Verma module labeled by the set (£, m, s). 
Some properties of this character is collected in Appendix A. 

The Verma module of the whole GSO dependent parts is specified by the index sq of 
SO[d)^ representation, the indices rrij, Sj), {j = 1, . . . , R) of the minimal models, and 
the momentum p. We combine these indices except p into two vectors A,/i. 



i = 0,...,N -2, 
m = 0,...,2N -1, 
5 = 0,1,2,3, 
£ + 171 + 3 = mod 2. 



(3.2) 



X:={h,...,iR), 

H := (so; si, . . . , Sr, mi, . . ., uir). 



We shall introduce the inner product between fi and fi' 



as m 




R 



R 



6 



Also it is convenient to introduce special vectors Po, Pj (j = !,...,/?) 

/5o:=(l;l,...,l;l,...,l), 

:=(2;0,... ,0,2,0,. ..0;0,...,0). 



Here the Po is the vector with all components 1, and Pj is the vector with sq and sj 
components 2 and the others zero. 

With these notations, the criticality condition ( [^.4| ) can be written in a rather simple 
form as 

Q' = 4{l + Po*Po). (3.3) 

When we define an integer K := lcm(2, Nj), KQ^ is shown to be an even integer because 
of the equations (|2.4| ) and (|3.3|) . Therefore, it is convenient to define an integer J by the 
equation 

J:=2K{l+Po*Po) {=KQ^/2). (3.4) 

In terms of J, the finite distance condition ( p3|) can be expressed as J > 0. 
Now, let us consider the character of the Verma module (A,/i,p), 



r/(r) 



where X'^i'^) is the product of characters of the minimal models and the SO{d)^ character 
Xsoi'T) of the So representation 



X;ir) :=Xso(r)x:^f (r)...X™(r). 

In this character, xfii^) has good modular properties, but q^^^ /r](T) has bad ones. So, 
we will sum up the characters with respect to certain values of p and make the modular 



properties good |1TT|||T0 |. 



Let us consider the GSO projection. By the GSO projection, we pick up the states 
with odd integral U{1) charges of the M = 2 superconformal symmetry. The U{1) charge 
of the states in the above Verma module is expressed as 

j j 

From the condition that this U{1) charge must be an odd integer {2u + 1) with n G Z, 
the momentum p is written as 

p{u) = 1 (2^i + 1 - 2/3o • /i) . 
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If we sum up the characters for all m G Z, we obtain the theta function with a fractional 
level [[T0| , which does not have good modular properties. So we perform the following trick. 

Let us write u = Jv + w with integers v, w and sum up the characters for v E Z. Then 
the sum leads to the following theta function 

g^^("=^^+'")' = Q-2KPo.,+Ki2^+l),KAr). (3.5) 

Note that —2K(3q • fi + K{2w + 1) is an integer, and the above theta function has good 
modular properties. 

Now, including oscillator modes and other sectors, we can define the building blocks 
f^ir) by 

fiir) := xt{r)eM,Kj{r)/vir), 
IX ■= {fi,M), M eZ2Kj. 

We should use only the building blocks with the conditions 

M = -2KPo • /i + K{2w + 1) for E Z, (3.6) 
Sq = si = ■ ■ ■ = sji mod 2. (3.7) 



The condition ( p.6|) comes from the formula of ( p.5|) , and the condition (|3.?1 ) implies that 
the boundary condition of the fermionic currents are the same in all the sub-theories, i.e. 
they must be all in the NS sector, or all in the R sector. 

The modular invariant partition function can be systematically obtained by "the beta 
method" 0. 

The inner product between of two vectors /i, /i' is defined as 

, , MM' 

We also extend the vectors Po, Pj to Po,Pj as 



and evaluate the inner products of these Poi Pj vectors 



P,.p, = P,.p,--^ = -l, 
Pj*Pj=P,*P, = -^-l, 



Pj*Po = U-^-l]. (3. 
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Note that /?o • Po is an odd integer, Pj • Pj are even integers (Recall that we consider the 
cases d = 2,6), and Pj • Po are integers. Using these special vectors, the conditions ( |3.6| ) 
and ( |3.7| ) are written in a simple form 



2p_p»liE 2Z + 1, 
Pj • fi E Z. 



(3.9) 



We call this condition "the beta condition" . 

Using these notations, and the modular transformation laws of theta functions and 
M = 2 characters written in the Appendix A, we can calculate the modular transformation 
laws of as 



fi(r + 1) 



+ 1) 1 



2^~*^~ 



1 

24 



E 



N,-2 



1 



1 



f'ir). 



where the sums of the A', /i' are taken only for the range (|3.2|) and for M = 0, . . . , 2KJ — 1. 
Especially we must impose the condition ij + rrij + Sj = mod 2 for each minimal model. 
Axxi is the products of the SU{2)j^,_2 S matrices A^^^^,^; 



TT- 



(f, + i)(£; + i; 

AT, 



and we use here and the rest of this paper the notation e[x] = exp(27rix). 

Let us note that if a vector /i satisfies the beta condition ( |3.9| ), the vector fi + BqPq + 

X]j ^jPj ^0; bj G Z, (j = 1, . . . , i?) also satisfies the beta condition by virtue of (^ 



Using this fact, we define the function for (A,/i) which satisfies the beta conditions 
(^ as a sum of Z^+^^^^^+j^^. f,^^/s as 

bo,bj 

where the sum is taken for bo G Z2X and bj G Z2. The sign (-l)'^o+bo is 

for the 

Ramond sector. 

These functions have very good modular properties. Especially by S transformation. 
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the functions are mixed among those which satisfy the beta condition; 



E 



3 

even, beta 



4iV, 



— II • a 

2~ ~ 24 



ME 



N,-2 



d 



+ 1 



-vr)= E 



8iV,- / VSisTJ 



iV, 2 



where the sums of A', yu' is taken for restricted subclass that satisfies the conditions 
and the beta condition 



With this function F^, we obtain the modular invariant Zgso as 



1 



even, beta 



'GSO{r, T) 



4^ X 2K 



A, A,// 



where L^^^ = Tli -^1> f ^ the product of Go = A,D,E type modular invariants of 

We can check the modular invariance of the above partition function. 
We expect from spacetime supersymmetry that the partition function vanishes, 
equivalently F^{t) = 0. It is a future work to check that it actually vanishes. 

Here, we find a solution, but it may not be the only solution, and there can be some 
variety of modular invariant partition function. Actually, for R = 1 case, there are many 
other solutions associated with the other modular invariants of the theta system ||IU . 



or 



3.3 GSO dependent part of the partition function : <i = 4 case 

In this subsection, we comment on the ci = 4 case. To construct the modular invariant 
partition function in the (i = 4 case, we combine the four fermions to construct the affine 
currents S0{2)^ x 5*0(2)-^ and label the the Verma module by indices s_i and Sq. Then, 
the modular invariant partition function can be constructed in almost the same way as 
the (i = 2, 6 cases. 

First we define the vectors /x's and the inner product between them as 

II := (s_i. So; si, . . . , Sr] mi, . . . , m^?; M), 

I s-is'_^ So -So \ ^ Sjs'j X ^ mjm'j MM' 
4 T~^^^^^2N~~^2KJ- 

3 3 ■' 
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It is convenient to introduce special vectors Pq, j3j and 
/5o = (l,l;l,...,l;l,...,l;M), 

(3, = (0,2;0,...,0,2,0,...,0;0,...,0;0), (j = 1, . . . , i?), 
/?_i = (2,2;0,...,0;0,...,0;0). 

Using these vectors, we can construct the building blocks /^(r) as 

fi{r) := Xs-Ar)Xso{r)x'r'ir) ■ ■ ■ /r^''Hr)eM,Kj{r)/vir), 

where Xs-^ii^) and Xsoi'^) are 5*0(2)^ characters. Then the GSO conditions and the 
condition of fermionic sectors are 

2/3o -/i G 2Z+ 1, (3j»iieZ, /3_i«^gZ, (3.10) 

and we can construct the modular invariant partition function by the beta method in this 
case. Next we introduce the function F^{t) as 

then we obtain the GSO dependent part of the modular invariant partition function Zgso 

^ even, beta 

We can check the modular invariance of the above partition function. 

4 Elliptic genus 

In this section, we calculate the elliptic genus of the theory [T^. The definition of the 
elliptic genus is 

Z{r,f,z) := Tinni-lfq'^^-^/'Y'-'^V, 

where the trace is taken for the RR states, and y = exp{27Tiz). This elliptic genus has the 
following modular properties; 



Z{t + 1, r + 1, z) = Z{t, r, -z) = Z{t, r, z), 

Z{r,f,z). (4.1) 



Z(-l/r,-l/f,^/r)= e 
11 



c z"^ 



2 r 



Here, we omit the contribution from the flat space time and consider only the internal 
part describing the Calabi-Yau n-fold X. We calculate its elliptic genus and the Witten 
index, and discuss its geometrical interpretation. 

Let us consider again "the criticality condition" , in other words "the Calabi-Yau con- 
dition" of X. Here the total c should be n because we want the theory that describes a 
Calabi-Yau ra-fold. Therefore, the total c of the J\f = 2 Liouville and the minimal models 
should satisfy the relations 

n = c=l + Q' + J2^- (4.2) 

j ^ 

We introduce the following vectors with R components {rrij}, and the inner product 
between them as 



z/ := (mi, . . .,mR), 



z/ • z/ • — " 



3 



2N, 



We also introduce the special vector 70 with all components 2 

70 := (2,. ..,2). 
With these notations, the condition ([4 .21) becomes 

= n - 1 - + 7o • 70- 
Next we let N := lcm(A''j), and define J as 

% ■■= Q'- (4.3) 

In this paper, we concentrate only the case that (n — 1 — i?) is even, then in this case, J 
is an integer. In terms of J, the finite distance condition > can be written as J > 0. 

Because we want a Calabi-Yau CFT, we have to pick up only the states with integral 
f/(l) charges. This condition is realized as the condition 

70 • + e Z. (4.4) 

From this, p can be written with an arbitrary integer u 

p = ^ (u - 7o • z/) . 

Following the same manner as in the previous section, we let u = 2Jv + w and sum up 
for f G Z. It leads to the theta function 



J2q^2P'yPQ = e;v(«,-yo..),iVj(r, 2z/N). 
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Note that N{w — 70 • z/) is an integer and QN{w-'yo»v),N.j{Ti'^z/N) has good modular 
properties. 

Collecting these, we define the building blocks as 



9u{'^,z):= 2^ Xt^ir.z) — (-1) 2 1^.2+^0^+^ 



where u := {p,M). In the sign {-iy° = (-1)-^"^. ^+T""^+iv , the part (-f - ^' 



2 2 

represents contributions of ordinary U{1) charges from the indices So,Sj, and the rest 
7o»i^ + ^ = u' = M — 2Jv refiects contributions from the indices m,- and momentum. 



N 

Let us define the inner product between u and u' as 



, MM' 
V • V := V • V — 



2NJ ' 
and the special vector 

70 = (70, -2 J). 
We also introduce the functions and 

I^{t,z) :=/i\(r,^)...J^« (r,z). 
With these notations, the building blocks can be written as 

QAr^z)- ^^^^ L^T.z) ^^^^ ^ ij , 



where we omit the overall irrelevant phase. The condition ([4.4|) can be rewritten as 

70 • G Z, (4.5) 

and again we call this condition "the beta condition" . 

Now, we construct elliptic genus using the above building blocks g^ which satisfy the 



condition ([4.5| ) 



Note that if v satisfies the beta condition, then v + 6o7o foi' bo E also satisfies the 
beta condition, because 

2J 

7o • 7o = 7o • 7o - ^ = -{n -1- R), 



is an integer. Q Here we used the definition of J (|4.3| ). So let us define the new functions 
Gl as follows; 



^ Actually, it is an even integer. Remember that we concentrate the case in which (n — 1 — i?) is an 
even integer. 
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where v satisfies the beta condition ( [4 .51) . Then, from the modular properties of 



g\[T^\,z) = e 
gl{-l/rr^/r) = {-ife 

even 



AN, 



1 R + l 
-V • u -\ 

2~ ~ 



8 24 



ME 



+ 2 



even 



2 V 
1 



A',!/' 



V • v' 



Gf, have very good modular properties; 



Gt{T+l,z) = e 



+ 1) 1 



AN, 



R+l 1 
u • u -\ > 

2~ ~ 8 24 1 ^ 



N, 



Gt{-l/r,z/T) = {-z)^e 

even, beta 
X'm' 



n z 
2~ 



]\^^2Nj^/Wj 



V •v 



GUr.z). 



Using these functions, we obtain the elliptic genus in the following form; 

^ ^ even, beta 

A, A,!/ 



Here L;^j; is the product of SU{2) modular invariants, and the factor l/y7^|?7(r)p is 
contribution of cf). We can check that the above elliptic genus has the right modular 
properties ( [4.1D with c = n. 

Actually, this elliptic genus is because it has an overall factor 6i{f, 0) = 0. 

4.1 Hodge number and Witten index 

To get some nontrivial information from the above elliptic genus, we factor out the trivial 
parts and define Z by the equations 

e,{T,zMT,o) 



Z(t, r, z) 



T2\v{r) 

even, beta 



-Z{t, t,z), 



A,A,iy 



gt{T,z) = lt{T,z)QM,Nj{T,2z/N){-lf'\ 
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Now, we take the limit r — > ioo and consider the ground states. In this Umit, Qm,nj 
becomes 

so, the G's can be evaluated as 





Then, Z is expressed in the formula 



[ioo,z) (M = mod 2 J), 
(others) . 



even, beta 



lim Z — —5-- 



Y: W.\M,„(^oo, .)P^M^„(-zoo, 0). 



X,\,i/ 



When we replace the 1/+ by then we can perform the sum of M e 1>2NJ- Moreover, 
from the fact 

tI - , ■ \ c.mod2Ni Ml-l (-mod 2Ni + 1 

it can be seen that the even condition + rrij = 1 mod 2 is included in this factor. We 
obtain a formula of the Z in this Umit 

beta 



1 



So far, we treat rather general cases, but from now, we take an example and restrict 
ourselves to calculations in the example. We consider the example which satisfies all the 
following conditions. 

• All minimal models are A type. So, L^j^ — 



• R = n + 1. 



In other words, this example is the case where the associated Calabi-Yau manifold X is 
the hypersurface of the form 



(4.6) 



Wc can write the finite distance condition as < n + 1, which is equivalent to the 
condition that first Chern number of X/C^ is positive. In this case, nontrivial factor of 
the elliptic genus can be calculated as 

beta 



lim Z 

T—*i(X} 2 



f 3 



E/s-mod2Ni 1+1 _l 5-mod2Ni _1J_ 



- + /^A'>^°d2Nj _ .mod2Nj \ 



_ n+i beta 

y 2 



2R 



En 

^ 3 



E/s-mod2Ni ^+1 , r.mod2Ni -^+1 + 1 



J ?/ JV 
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n = 


3 




n = 4 






n = 


= 5 






N\p 


1 


2 


3 


N\p 


1 


2 


3 


4 


N\p 


1 


2 


3 


4 


5 


3 





6 





3 





5 


5 





3 





1 


20 


1 





4 


1 


19 


1 


4 





30 


30 





4 





21 


141 


21 













5 


1 


101 


101 


1 


5 





120 


580 


120 























6 


1 


426 


1751 


426 


1 



Table 1: The values of the coefficients /ip for n = 3, 4, 5, = 3, . . . , n + 1. We include 
the N = n + 1 case in the table, despite it is suppressed by the finite distance condition. 

When we put rnj = aj + Nbj, {bj = 0, —1; a^- = 0, 1, . . . — 1), then beta condition 
becomes 



= mod N. 



We obtain the Z in this limit 

n 

lim Z = 'S~^ hpH 

T— »ioo ' ^ 



p=l 



aj=l,...,N-l, 



i=0 



n + l\ f{p-i){N - 1) + p - 1 



n 



We show several examples of hp for lower n, in Table |1|. These coefficients hp seem to 
coincide with the middle dimensional Hodge numbers of X/C^ except for the cohomology 
elements generated by cup products of a Kahler form of X/C^, on which we mention 
below. 

In our model, the Witten index can also be calculated as 



lim 



\n+l 



-i; 



1 + 



{l-N) 



n+1 



N 



(1 - iV)"+i - 1 
n + l + ^ n 



On the other hand, the Euler number of the {n — l)-dimensional manifold X/C^ is ex- 
pressed in the formula 



n + 1 + 



n+l 



1 



N 



The Witten index of the CFT almost coincide with the Euler number Xx/c^ of X/C^. 
One of the differences of the two is the sign (—1)"+^, but this is not relevant. Except this 
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difference of tlie sign, tlie Witten index is smaller by n than the Euler number of X/C^ 
in our case. This difference may correspond to the cohomology elements generated by 
cup products of the Kahler form of X/C^. On X, these cohomology elements are absent 
because they appear when we take the quotient of X by C^. This seems the reason why 
the Witten index is smaller by n than the Euler number of X/C^. 



5 Conclusion and discussion 

We construct the toroidal partition function of the string theory described by the combi- 
nation of an A/" = 2 Liouville theory and multiple M = 2 minimal models. This partition 
function is actually modular invariant, and we can conclude that the theory exists con- 
sistently. 

This string theory is thought to describe the string on a noncompact singular Calabi- 
Yau manifold. To check this proposition, we also calculate the elliptic genus of this theory 
and the Witten index. 

The Euler number defined from non-trivial factor of the Witten index in the CFT 
seems to be that of the non-vanishing elements of the cohomology. In the case of a 
singular manifold, there are vanishing elements of the cohomology, which are supported 
on the singular point and reflect the structure of singularities. 

The fact that the vanishing elements of the cohomology cannot be seen, is probably 
related to our method of construction in which we include only the states in "principal 
continuous series" of the SL{2) theory. If we can include some "discrete series" (but it is 
difficult |18|) , the structure of the singularities might be seen in the CFT. 

Another reason is that we treat the Af = 2 Liouville theory as free field theory in 



this paper. It is mentioned in |^ that if we treat appropriately the effect of Liouville 
potential, the Witten index does not vanish and gives the Euler number including the 
vanishing elements of the cohomology. In this paper, since we treat the case of /i = and 
not deformed singularity, the vanishing elements of the cohomology actually vanish and 
it is consistent with the vanishing Witten index. 

We may not be able to use our result to analyze the structure of the singularities, but 
we can use it to analyze the string on the positively curved manifold X/C^. Especially 
it is interesting to analyze the D-branes wrapped on infinite cycle in this noncompact 
Calabi-Yau manifold through the recipes of boundary states in the CFT pO| , |2T| , |2^ , p!9[ 
as the case of the ordinary Gepner models El, 123, EBI . 
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Appendix A. Theta functions and characters 



We use the following notations in this paper. 

e[x] :— exp(27rix), 

.modN.^fl (^ = modA^), 
■ \o (others), 

where m and N are integers. The useful formula is 



jm 



NS] 



mod N 



where m and are integers. 

The SU(2) classical theta functions are defined as 



neZ 



where q :— efr] ,y := e[z]. The Jacobi's theta functions are also defined as 



n 

y -I 



nez 



nez 



Two kinds of theta functions are related by equations 

200,2 = ^^3 + Oi, 201,2 = 92 + 101, 
202,2 = O3 — 64, 203,2 = 02 — iOi. 

The Dedekind 77 function is represented as an infinite product 



Vir) := g^n(l-?"). 



n=l 



The character Xsi'T: z), s = 0, 1, 2, 3 of SO{d)^ for d/2 e 2Z + 1 can be expressed as 

e2{T,zy/^ + es{T,zy/' 



Xo(t, z) = 
Xi{^,z) = 

X2(t, z) = 
X3(t,^) = 



e2{T,zy/^ + {tei{T,z))''/^ 
e,{T,zy/'-es{T,zy/^ 
e2(r, zy/' - (ie,(r, z)r/' 
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Let us denote the character of a Verma module (£, m, s) in the level (A^ — 2) minimal 
model as x^*(r, 2;). This character satisfies equivalence relations 

e,s _ i,s _ e,s+4 _ N-2-e,s+2 

Xm ~ Xm+2N ~ Xm ~ Xm+N 

The explicit form of this character is written in . 

We collect the modular properties of these functions. Under the T transformations, 
they behave as 



m 



Ak 



e^ir + i,z) = e^ir, z), e,{T + i,z) = e^{T, z), 

V{r + 1)= e[l/24]77(r), 



Xsir + l,z} = e 
xi'ir + l,z) = e 



^2 d 



Xs{r,z), 



8 48^ 
i{i + 2) 



AN 



N -2 
AN^~8~ 8N 



Xm (''"' z) , 



and for S transformations, they have modular properties 



0m,fe (-1/1^,2/7-) = 



9i{—1/t, z/t) = —iyZ—ire 

e^{-l/T, z/t) = V-ire 
r]{-l/T) = V^riir), 
Xs{-l/r,z/T) = e 



kz^ 
A~ 

If! 
2 r 

if! 
2 r 



V2k 



mm 
'^k~ 



Qm'Ar,z) 



(^i{t',z), 92{-1/t,z/t) = y/^Are 



^3(^,2;), 6'4(-l/r,2;/r) = v^^i 



if! 
2 r 

if! 
2 r 



^2(r,^), 



dz^ 
A~ 

s'=0 

AT -2^2 
2A^ ~ 



d ss' 
'2T 



= V A«/ 



ss' mm' 



A 2N 



Appi 



sm 



TT 



(£+l)(f + 1) 

AT 



where the sum YlTms means that £ + m + s = mod 2 for (£, m, s). 

We use the notation /(r) for a function /(r, z) of r, 2; with substituting z = 

/(r) :=/(r,2 = 0). 
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